This paper considers the problem of robust stability and stabilization for linear fractionalorder system with nonlinear uncertain parameters, with fractional order . A dynamic output feedback controller, with predetermined order, for asymptotically stabilizing such uncertain fractional-order systems is designed. The derived stabilization conditions are in LMI form. Simulation results of two numerical examples illustrate that the proposed sufficient theoretical results are applicable and effective for tackling robust stabilization problems.
Introduction
In the last decades, fractional-order calculus has received considerable interest and attention of physicists and engineers and have found many applications in various fields such as viscoelastic, electrode-electrolyte, biological electric conductance, neural systems, and others (Chen et al., 2017; Badri and Sojoodi, 2019; Badri and Saleh Tavazoei, 2016) . Despite integer-order derivative which describes local properties of a certain position, or a variation at a specific moment in time for a physical process, fractional-order derivative is related to the whole space and the whole time domain . Therefore, fractional-order differential equations can more completely and precisely describe systems having responses with long memory transients than the ordinary integer-order differential equations Tavazoei, 2014, 2017) . Accordingly, stability and stabilization of fractional-order systems is an important and challenging problem since many physical and real-world processes are modeled with fractional-order state equations (Badri and Sojoodi, 2018; Ivanova et al., 2018; Lu and Chen, 2009; Ma et al., 2014) . Unfortunately, uncertainties arising from neglected dynamics, uncertain physical parameters, parametric variations in time, and many other sources are inevitable in real physical system. Thus, robust stability and stabilization problems have become an essential issue for all control systems including fractional-order ones (Badri and Sojoodi, 2018; Lu and Chen, 2009; Ma et al., 2014) . Robust stability and stabilization problems of fractional-order systems were investigated in (Badri and Sojoodi, 2018; Lu and Chen, 2009; Ma et al., 2014; Xing and Lu, 2009; Yin et al., 2015; Alaviyan Shahri et al., 2018; Binazadeh and Yousefi, 2018) . Stability and stabilization problem of FO-LTI interval systems was investigated in (Lu and Chen, 2009 ), in which necessary and su fficient conditions were presented in LMI form. Furthermore, necessary and sufficient conditions for checking robust stability of general interval FO-LTI system was investigated in (Zheng, 2017) , in which interval uncertainties exist both in the coefficients and orders of the system. In (Ma et al., 2014) the robust stability and stabilization problems of fractional-order linear systems with positive real uncertainty were solved, where the existence conditions and design procedures of the static state feedback, static output feedback and observer-based controllers for asymptotically stabilizing of such systems were investigated with the constraint on the output matrix to be of full-row rank. Moreover, the stability and stabilization problem for a class of uncertain fractional order systems subject to input saturation was investigated in (Alaviyan Shahri et al., 2018) . Besides, robust stabilization for a class of nonlinear time-delay fractional order systems in the presence nonlinear Lipschitz functions; time-varying norm-bounded uncertain terms; and time-delays in the state variables was studied in (Binazadeh and Yousefi, 2018) . In (Lu and Chen, 2012) , by introducing a new matrix variable, the problems of robust stability and stabilization for a class of FO-LTI systems with convex polytopic uncertainties were solved by extending the stability condition of the FO-LTI certain systems. Moreover, robust stability of the FO-LTI systems with poly-topic and two-norm bounded uncertainties of the fractional order 1<α<2 was investigated in (Li, 2018) and the state feedback controller was designed for such systems as well. In most of the mentioned works State feedback controller is employed, in which all individual states are needed. However, since not all states are accessible in most physical systems due to economic or physical constraints , designers are forced to use an output feedback control scheme. Besides, it has been claimed that dynamic feedback controller brings about more effective control performances, flexibility, and degrees of freedom for the sake of achieving control objectives, in comparison with the static one (Park, 2009 ). Furthermore, it can be easily shown that some unstable systems cannot be stabilized by static controllers and a dynamic controller is merely needed to ensure the stabilization of such systems (Sontag, 1998) . Then, by means of linear matrix inequalities, we have designed a robust dynamic output feedback controller for FO-LTI systems with positive real uncertainty in (Badri and Sojoodi, 2018) . In (Lan and Zhou, 2013) , robust stabilization problem of a class of Lipschitz non-linear fractional-order systems with fractional order 0<α<1, was investigated using an observer-based robust stabilization controller, where the stabilization results are reliable if the output matrix of the uncertain system is of full row rank. Robust stability and stabilization sufficient conditions were derived in (Ibrir and Bettayeb, 2015) to stabilize fractional-order systems, with fractional order 0<α<1, subject to bounded uncertainties using state feedback and observer-based controllers. In this paper it is assumed that all individual possible pairs of A+ΔA, C+ΔC are observable in the sense of Kalman while the system uncertainties are randomly distributed in the state matrix A and the output matrix C. In addition, in (Lan et al., 2012) by using singular value decomposition and linear matrix inequality (LMI) techniques, a design method of robust control of fractional-order interval linear systems with fractional order 1≤α<2 was presented assuming that the output matrix C of the uncertain system is full row rank. It is worth noting that abovementioned uncertainty models allow only linearly dependent uncertain parameters. Nevertheless, practically, in a real system, the uncertain parameters usually appear in nonlinear form (e.g. geometric and inertia parameters for a dynamic system) (Xu and Darouach, 1998) . The above uncertainty descriptions may seriously result in ''over bounds" of uncertainties, which may lead to extremely conservative robustness analysis results (Xu and Darouach, 1998) . In most of available controller design methods, high-order controllers are produced suffering from costly implementation, high fragility, unfavorable reliability, maintenance problems, and possible numerical errors. Since the desired closed-loop performance is not always assured by using available plant or controller order reduction methods, designing a low-order controller would be helpful in this case, i.e., the order of the controller is predetermined in advance, . To the best knowledge of authors, there is no research on the analytical design of a stabilizing fixed-order dynamic output feedback controller for fractional-order systems with nonlinear uncertain parameters. Motivated by these observations, the purpose of our paper is to solve the problem of robust stabilization of fractional-order linear system with nonlinear uncertain parameters using a fixed-order dynamic output feedback controller, where sufficient conditions are presented by means of LMI. Despite the complexity of considering the most complete model of linear controller containing direct feedthrough parameter, the LMI form of the constraints is preserved, making them suitable to be used in practice thank to various efficient convex optimization parsers and solvers that can be applied to determine the feasibility of constraints and calculate design parameters. In addition, unlike previous works, our proposed method does not bring about limiting constraints on the state space matrices of the uncertain system. The structure of the paper is as follows. In section 2, some necessary preliminaries and lemmas together with the problem formulation are presented. Robust stabilizing conditions of fractional-order uncertain systems via a dynamic output feedback controller are derived in Section 3. Section 4 presents some numerical examples to verify the results. Finally, conclusions are drawn in section 5. Notations: In this paper denotes the Kronecker product of two matrices, and , ̅ , and stand respectively, for the transpose, the conjugate, and the transpose conjugate of . The conjugate of the scalar number is represented by ̅ and is used to denote the expression . The notation is the symmetric component symbol in matrix and is the symbol of pseudo-inverse of matrix. The notations and denote the zero and identity matrices with appropriate dimensions and i is used to represent the imaginary unit.
Preliminaries and problem formulation
In this paper, the following Caputo definition for fractional derivatives of order α of function is adopted since initial values of classical integer-order derivatives with clear physical interpretations are utilizable using the Laplace transform of the Caputo derivative [28]:
where is Gamma function defined by ∫ and is the smallest integer that is equal to or greater than . Consider the following uncertain fractional-order mathematical model, which is the generalization of the integer-order one (Xu and Darouach, 1998) . (1) where is fractional order, and are respectively known matrices which represent the values of the system at the nominal working point and the unknown matrix representing the uncertain parameters. Vector represents a known driving source. The th order differential of vector is represented by . Furthermore, as indicated in (Xu and Darouach, 1998) , is assumed to be nonsingular which is true for most of the physical systems. Equation (1) can be rewritten as follows:
[ ]
where
in which denotes the pseudo-state vector, is the control input, is the output vector, and is the output matrix. Furthermore, uncertainties and satisfy the following polytopic structure
where and are the uncertain parameters satisfying the bounds | | , and | | , with constants . Also, and are known constant matrices with proper dimensions. It can be easily obtained from (4) that ,
with ∑ and ∑ . The following lemmas are needed in order to study the stability of fractional-order systems and obtain main results.
Lemma 1 
where .
Lemma 2 : Let , and . The fractional-order system is asymptotically stable if and only if there exists a positive definite matrix such that
defining * +, (8) and with this in mind that is similar to , inequality (15) 
Main results
The uncertain FO-LTI system (2) can be rewritten as follows
The main aim of this paper is to design a robust dynamic output feedback controller that asymptotically stabilizes the FO-LTI system (2) with nonlinear uncertain parameters and in terms of LMIs. Therefore, the following dynamic output feedback controller is presented ,
with , in which is the arbitrary order of the controller and and are appropriate matrices to be designed. The resulted closed-loop augmented system employing (2) and (14) is as follows
Theorem 1: Considering closed-loop system in (15) with , and a positive definite Hermitian matrix in the form of ,
with and and real positive scalar constants , , and alongside with matrices exist such that the following LMI constrain become feasible
in which
where then, the dynamic output feedback controller parameters of
make the closed-loop system in (15) asymptotically stable. Proof: It follows from Lemma 1 that the uncertain fractional-order closed-loop system (15) with is asymptotically stable if there exists a positive definite matrix in the form of (17) in a way that
According to Lemma 3, the following three inequalities hold for any positive scalar constants , , and
On the other hand, for any scalar such that , form (5), , which means that ( ) . By using Lemma 4, we have .
(23)
For simplicity let in (22), It easily follows from (5), and (21)-(23) that there exist scalar constant in a way that
By applying Schur complement to (24) 
where then, the dynamic output feedback controller parameters of ,
make the closed-loop system in (15) asymptotically stable. Proof: It follows from Lemma 2 that the uncertain fractional-order closed-loop system (15) with is asymptotically stable if there exists a positive definite matrix in the form of (17) such that
According to Lemma 3, the following three inequalities hold for any positive scalar constants , , and 
Let in (32), It easily follows from (5), (23), (31), and (32) that there exist scalar constant in a way that
By applying Schur complement to (33) one can obtain Nevertheless, the matrix inequality (35) is not linear owing to several multiplications of variables. Therefore, by linearizing change of variables as (36) the inequality in (34) turns into the one in (28) and it completes the proof. Corollary1: However, Theorem 1 and Theorem 2 are valid for robust stabilization of uncertain FO-LTI systems of form (2), the proposed methods can also be easily used for the case of certain systems by solving the LMI constraints in these theorems. Proof: The proof is simple by assuming in proof procedure of Theorem 1 and Theorem 2.
Numerical examples
This section provides some numerical examples that illustrate how effective the proposed methods in this paper are. In this paper, we use YALMIP parser (Löfberg, 2004) and SeDuMi (Sturm, 1999) solver in Matlab tool (Higham and Higham, 2005) to check the feasibility of the proposed constraints and obtain the controller parameters. The following fractional-order linear system with uncertain parameters and is considered (Chen et al., 2015) [
] . 
The eigenvalues of ̃, , and stability boundaries are depicted in Figure 1 . According to Lemma 1 and Figure 1 , the system (12) with parameters in (40) is unstable due to some of the eigenvalues of ̃ which are located on the right side of the stability boundaries. Yet, according to Theorem 1, it can be concluded that this uncertain fractional-order system is asymptotically stabilizable using the obtained dynamic output feedback controllers of arbitrary orders in the form of (14), listed in Table 1 . The eigenvalues of are placed in the stability region which is also evident in Figure 1 . The state trajectories of the resulted uncertain closed-loop FO-LTI system of form (15), through obtained controllers with and the static controller introduced in (Chen et al., 2015) are plotted in Figure 2 , where all the states asymptotically converge to zero. It can be seen that the obtained dynamic output feedback controllers, even with a low order of , have more efficient stabilizing actions compared to static one. The settling time of the closed-loop system via proposed controller is very small compared to the static controller proposed in (Chen et al., 2015) as it is obvious from Figure 2 . 
Example 2 for the case
Dynamic output feedback stabilization problem of the uncertain fractional-order system (12) is considered with the parameters in (40) and (Chen et al., 2015) . The eigenvalues of ̃, , and stability boundaries are plotted in Figure 3 . According to Lemma 2 and Figure 3, the system (12) with parameters in (40) and is unstable because of some of the eigenvalues of ̃ which are located on the right side of the stability boundaries. However, according to Theorem 2, it can be deduced that this uncertain fractional-order system is asymptotically stabilizable employing the obtained dynamic output feedback controllers of the form (14) and with arbitrary orders, tabulated in Table 2 . All of the eigenvalues of are in the stability region which is also obvious in Figure 3 . The state trajectories of the resulted uncertain closed-loop FO-LTI system of form (15), through obtained controllers with and the static controller introduced in (Chen et al., 2015) are plotted in Figure 4 , where all the states asymptotically converge to zero. It can be seen that the obtained dynamic output feedback controllers, even with a low order of , have more efficient stabilizing actions compared to static one. The settling time of the closed-loop system via proposed controller is very small compared to the static controller proposed in (Chen et al., 2015) as it is obvious from Figure 4 . 
Conclusion
In this paper the problem of robust dynamic output stabilization of uncertain FO-LTI systems with the fractional order , in terms of LMIs, is solved. Sufficient conditions are obtained for designing a stabilizing controller with a predetermined order, which can be chosen to be as low as possible for simpler implementation. Indeed by using the proposed method, one can benefit from dynamic output feedback controller advantages with orders lower than the system order. The LMI-based procedures of developing robust stabilizing control are preserved in spite of the complexity of assuming the most complete model of the linear controller, with direct feedthrough parameter. Eventually, some numerical examples have shown the correctness of our results.
